A quasistatic frictional contact problem is studied. The material behavior is modeled with a nonlinear electro-visco-elastic constitutive law, allowing piezoelectric effects. The body may come into contact with a rigid obstacle. Contact is described with the Signorini condition, a version of Coulomb's law of dry friction, and a regularized electrical conductivity condition. We derive a variational formulation of the problem, then, under a smallness assumption on the coefficient of friction, we prove an existence and uniqueness result of a weak solution for the model. The proof is based on arguments of elliptic variational inequalities and fixed points of operators.
Introduction
The piezoelectric effect is the apparition of electric charges on surfaces of particular crystals after deformation. Its reverse effect consists of the generation of stress and strain in crystals under the action of the electric field on the boundary. A deformable material which presents such a behavior is called a piezoelectric material. Piezoelectric materials are used extensively as switches and actuary in many engineering systems.
Only some materials exhibit sufficient piezoelectricity are useful in applications. These include quartz, Rochelle salt, lead titanate zirconate ceramics, barium titanate, and polyvinylidene fluoride (a polymer film), and are used extensively as switches and actuators in many engineering systems, in radioelectronics, electroacoustics and in measuring equipment. We find general models for electroelastic materials in [6, 7] and more recently, in [1, 4, 8] . A static and a slip-dependent frictional contact problems for electro-elastic materials were studied in [2, 5] and in [9] , respectively. A contact problem with normal compliance for electro-visco-elastic materials was investigated in [10] . In [11] and [12] , we find the variational formulations of the corresponding problems, existence and uniqueness of weak solutions.
The novelty of the present paper is to extend the result when the contact and friction are modeled by Signorini's conditions and a nonlocal Coulomb's friction law, respectively. Moreover, the material behavior is assumed to be electro-visco-elastic.
The paper is structured as follows. In Section 2 we present the electro-visco-elastic contact model with friction and provide comments on the contact boundary conditions. In Section 3 we list the assumptions on the data and derive the variational formulation. In Section 4, we present our main existence and uniqueness results, which state the unique weak solvability of the Signorini's contact electro-visco-elastic problem with nonlocal Coulomb's friction law conditions.
Problem statement
We consider a body made of a piezoelectric material which occupies the domain Ω ⊂ R d (d ≤ 3) with a Lipschitz boundary Γ. The body is modeled with an electro-visco-elastic constitutive law, allowing piezoelectric effects. Let [0, T ] be the time interval where T > 0, and let Γ be split into three measurable parts Γ 1 , Γ 2 and Γ 3 such that meas(Γ 1 ) > 0. We assume that the body is fixed on Γ 1 and surface tractions of density h act on Γ 2 . On Γ 3 , the body may come into contact with a rigid obstacle. In other hand, Γ splits into two measurable sets Γ a and Γ b such that meas(Γ b ) > 0 and Γ 3 ⊂ Γ b . We assume that the electrical potential q 0 acts on Γ a and a surface electric charge of density q 2 acts on Γ b , we assume that the problem is quasistatic. The piezoelectric effect is the apparition of electric charges on surfaces of particular crystals after deformation. We denote by S d the space of second order symmetric tensors on the space R d and use · and |·| for the inner product and the Euclidean norm on the space R d (respectively, S d ). Also ν represents the unit outward normal on Γ. The classical formulation of the electro-visco-elastic contact friction problem is described by:
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where (2.1) and (2.2) are the electro-visco-elastic constitutive law of the material, we denote ε (u) (respectively, E (ϕ) = −∇ϕ, A, G, ξ, ξ * , β ) the linearized strain tensor (respectively, electric field, the viscosity nonlinear tensor, the elasticity tensor, the third order piezoelectric tensor, and its transpose, the electric permittivity tensor), (2.3) and (2.4) represent the equilibrium equation, we mention that Divσ, divD are the divergence operators, (2.5) and (2.6) are the displacement and traction boundary conditions, and (2.7) and (2.8) the Signorini's contact with a nonlocal Coulomb's friction law conditions. u ν and u τ (respectively, σ ν and σ τ ) denote the normal displacement and the tangential displacement (respectively, the normal stress and the tangential stress).
R will represent a normal regularization operator that is a linear and continuous operator R :
. We shall need it to regularize the normal trace of the stress which is too rough on Γ. p is a non-negative function, the so-called friction bound, µ ≥ 0 is the coefficient of friction. The friction law was used in some studies with p(r) = r + where r + = max{0, r}. Recently, from thermodynamic considerations, a new version of Coulomb's law is proposed, it consists to take
where α is a small positive coefficient related to the hardness and the wear of the contact surface. Equations (2.9) and (2.10) represent the electric boundary conditions. Finally, in (2.11) u 0 is the given initial displacement.
Variational formulation and preliminaries
For a weak formulation of the problem, first we introduce some notation. The indices i, j, k, l range from 1 to d and summation over repeated indices is implied. An index that follows a comma represents the partial derivative with respect to the corresponding component of the spatial variable, e.g., u i,j = ∂u i ∂x j . We also use the following notations
The operators of deformation ε and divergence Div are defined by
The spaces H, H, H 1 , and H 1 are real Hilbert spaces endowed with the canonical inner products given by
We denote by |.| H (respectively, |.| H , |.| H 1 , and |.| H1 ) the associated norm on the space H (respectively, H, H 1 and H 1 ).
We use standard notations for the L p and the Sobolev spaces associated with Ω and Γ, for a function ψ ∈ H 1 (Ω) we still write ψ to denote its trace on Γ and C is a generic positive constants whose value may change from line to line. We recall that the summation convention is applied to a repeated index.
For the electric displacement field we use two Hilbert spaces
Endowed with the inner products
And the associated norm |.| W (respectively, |.| W 1 ). The electric potential field is to be found in
Since meas(Γ a ) > 0, the following Friedrichs-Poincaré's inequality holds, thus
where c F > 0 is a constant which depends only on Ω and Γ a . On W , we use the inner product given by
and let |.| W be the associated norm. It follows from (3.1) that |.| H 1 (Ω) and |.| W are equivalent norms on W and therefore (W, |.| W ) is a real Hilbert space. Moreover, by the Sobolev trace Theorem, there exists a constant c 0 , depending only on Ω, Γ a and
We recall that when D ∈ W 1 is a sufficiently regular function, the Green's type formula holds
When σ is a regular function, the following Green's type formula holds
Next, we define the space
Since meas(Γ 1 ) > 0, the following Korn's inequality holds
where c K > 0 is a constant which depends only on Ω and Γ 1 . On the space V we use the inner product 
Finally, for a real Banach space (X, |.| X ) we use the usual notation for the space L p (0, T ; X) and W k.p (0, T ; X), where 1 ≤ p ≤ ∞, k = 1, 2, . . . . We also denote by C (0, T ; X) and C 1 (0, T ; X) the spaces of continuous and continuously differentiable functions on [0, T ] with values in X, with the respective norms
In what follows, we assume the following assumptions on the problem P . The viscosity operator A :
The elasticity operator G :
The piezoelectric operator ξ = (e ijk ) :
The electric permittivity operator β = (β ij ) :
(3.7)
From the assumptions (3.6) and (3.7), we deduce that the piezoelectric operator ξ (respectively, the electric permittivity operator β) is linear, has measurable bounded component denoted by e ijk (respectively, b ij ) and moreover, β is symmetric and positive definite.
Recall also that the transposed operator ξ * is given by ξ * = (e * ijk ) where e * ijk = e kij and the following equality holds
The friction function satisfies
We note that (3.8) is satisfied in the case in which p is given by (2.12).
We also assume that the body forces and surface tractions have the regularity
as well as the densities of electric charges satisfy
We define the function f :
for all u, v ∈ V, ψ ∈ W and t ∈ [0, T ], and note that conditions (3.9) and (3.10) imply that
while the friction coefficient µ satisfies
(3.14)
We denote by K the subset of admissible displacements fields given by
Let K be a nonempty, closed and convex set of V . We denote by j the friction functional j :
By a standard procedure based on Green's formula, we obtain the following formulation of the mechanical problem (2.1)-(2.11).
Problem 3.1. PV : Find a displacement field u : 
Existence and uniqueness result
Our main result which states the unique solvability of Problem 3.1, is the following:
Theorem 4.1. Assume that (3.4)-(3.10), (3.13), and (3.14) hold, then the Problem 3.1 has a unique solution (u, ϕ). Moreover, the solution satisfies
We conclude that under the assumptions (3.4)-(3.10), (3.13), and (3.14), the mechanical problem (2.1)-(2.11) has a unique weak solution with the regularity (4.1)-(4.4) .
The proof of this theorem will be carried out in several steps. It is based on arguments of elliptic variational inequalities (see [3] ) and fixed point arguments.
let G ∈ L 2 (0, T ; H 1 ) and η ∈ L 2 (0, T ; V ) be given, we deduce a variational formulation of Problem P V .
Problem 4.2. P V
We define f η (t) ∈ V for a.e., t ∈ [0, T ] by
From (3.12), we deduce that
We define the operator A :
We consider the following variational inequality.
In the study of Problem 4.3, we have the following result.
For all u, v ∈ V, t ∈ [0, T ], assumptions (3.4) imply that the operator A is strongly monotone and Lipschitz continuous.
We can easily check that j is convex lower semicontinuous and proper. It follows from classical results for elliptic variational inequalities (see [3] ) that there exists a unique v Gη ∈ L 2 (0, T ; K). Let now u Gη : [0, T ] → K be a function defined by
In the study of Problem 4.2, we have the following result. Proof. The proof of Lemma 4.5 is a consequence of Lemma 4.4 and the relation (4.7).
In the second step, we use the displacement field u Gη obtained in Lemma 4.5 to consider the following variational problem.
We have the following result for Problem 4.6.
Lemma 4.7. There exists the unique solution ϕ Gη ∈ W 1.2 (0, T ; W ) satisfying (4.8), moreover if ϕ 1 and ϕ 2 are two solutions to (4.8), then, there exists a constant C > 0 such that
(4.9)
Proof. Let t ∈ [0, T ], we use the Riesz-fréchet representation Theorem to define the operator A Gη :
For all ϕ, ψ ∈ W , let ϕ 1 , ϕ 2 ∈ W , then assumptions (3.6) and (3.7) imply
In other hand, from (3.7), it results
where c β is a positive constant which depends on β. Thus
Inequalities (4.11) and (4.12) show that the operator A Gη (t) is a strongly monotone, Lipschitz continuous operator on W and, therefore, there exists a unique element ϕ Gη (t) ∈ W such that A Gη ϕ Gη (t) = q (t) .
(4.13)
We combine (4.10) and (4.13) and find that ϕ Gη (t) ∈ W is the unique solution of the nonlinear variational equation (4.8) .
We show that ϕ ξη ∈ W 1.2 (0, T ; W ). To this end, let t 1 , t 2 ∈ [0, T ] and, for the sake of simplicity, we write ϕ Gη (
It results from (3.6), (3.7), and (4.8)
where c ξ is a positive constant which depends on the piezoelectric tensor ξ.
We also note that assumption (3.10), combined with definition (3.11) imply that q ∈ L 2 (0, T ; W ) .
we use (4.8) and arguments similar to those used in the proof of (4.14) to obtain
For all t ∈ [0, T ], this inequality leads to (4.9) which concludes the proof.
We consider the operator
(4.16)
We show that Λ has a unique fixed point. 
So, we find
Therefore (4.9) yields
Using (4.5), we find
and, we have
Moreover, from (3.3), (3.8), (3.13) and using the properties of R, we find
So, (4.18) will be
We integrate this inequality with respect to time. We use the relation (3.4) and Cauchy-Schwartz's inequality to find that
In other hand, since
Applying this inequality in (4.20) we obtain
We use the relations (3.4), (4.19), and Cauchy-Schwartz's inequality to find that
We use the relations (4.21) and (4.22), to find that
In other hand
We find |η 1 (t) − η 2 (t)| 
Using the Stirling's formula, we obtain under the condition C ≤ Uniqueness. The uniqueness of the solution is a consequence of the uniqueness of the fixed point of operator defined by (4.16).
